Exam-style assessment All’eveIMathematics}

Mathematical models

1. The daily takings Y at a school tuckshop have mean £32-62 and standard deviation
£7-32.

(a) Give two reasons why the distribution of Y can not follow an exact Normal
distribution. (2)

(b) Explain briefly why the Normal distribution may still provide a useful model
for the daily takings. (2)

2. An outline of the stages in developing a statistical model are listed below with
stages 4 and 7 missing.

Stage 1. The recognition of a real-world problem.

Stage 2. A statistical model is devised.

Stage 3. The model is used to make predictions

Stage 4.

Stage 5. Comparisons are made against the model.

Stage 6. Statistical techniques are used to test how well the model describes the
real-world problem.

Stage 7.

Suggest what stages 4 and 7 are. (2)

3. Give two reasons why simulations are used in the process of designing the wings
for a new airplane. 3)
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Exam-style mark scheme IAleveIMathematics]

Modelling

Question Scheme Marks

Number

1. (a) It is not continuous and it cannot take negative values. B1 BI 2)
(b) There are a very large number of possible values so that the

approximation of discrete by continuous is not a major problem,
and 0 is more than 4 standard deviations below the mean so the

truncation at zero is negligible B1 Bl (2)
4
2, Stage 4 Experimental or observational data is collected Bl
Stage 7 Refine the model B1
2
3. It will save time and money and is much safer to conduct trials in
simulations than with prototype wings. B1 B1 Bl
3
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Exam-style assessment

AlleveIMathematics)

Representing and analysing data

1.

The length of time, in minutes, that customers spend in a department store is
recorded. The results are shown below.

4,15,7, 26, 34, 22, 3,42, 26, 19, 6, 18, 21, 8, 11, 39, 28, 6

Draw a stem and leaf diagram to represent these data.

4)

The marks for a class of 15 students has Y.x = 930, and Y.x% = 59 146.
(a) Calculate the mean and standard deviation of the marks for this class.

A second class of 20 students on the same examination had a mean of 61.5 and
standard deviation of 14.4 marks.

(b) Calculate X.x? for the second class.
(c) Calculate the mean mark of all the students in the two classes.

(d) Compare the performance of the two classes on this examination.

4)

4)
3)
(2)

Airlines record the delays in arrival times of flights into each airport. During one
week, for one airline into one airport, 32% of all flights had no delay, the longest
delay was 50 minutes and half of all flights had delays of no more than 7 minutes.
A quarter of all delays were at least 22 minutes, but only one was more than

half an hour.

An outlier is an observation that falls either 1.5 x (interquartile range) above the
upper quartile or 1.5 x (interquartile range) below the lower quartile.

(a) On graph paper, draw a box plot to represent these data.
(b) Comment on the distribution of delays. Justify your answer.

The boxplot below summarises the delays for the same airline at a different airport
during the same week.

1 | |

0 5 10 15 20
delay (minutes)

(c) Compare the delays to flights arriving at the two airports during this week.

(7)
2)

2)

The times, correct to the nearest minute, taken by a group of cadets to complete
a route march are summarized in the table.

Time (mins) | 90-139 | 140-149 | 150-159 | 160-169 | 170-179 | 180-229
No. of cadets 12 8 6 5 5 5

(a) Draw a histogram to illustrate these data

(b) Calculate an estimate of the mean time taken by the cadets.

4)
4)
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5. The following stem and leaf diagram shows the heights of a sample of plants of a
certain species.

Height (cm) 411 means 41 cm

3 99

3588

455789

000236789 (
1333335677899 (
4456779

02

©O© 00 ~NO O A
O WO ONPF N

3)
(5)
(7)
10)
14)
(8)
3)

(a) Write down the modal height. (1)
(b) Find (i) the 3" decile and (ii) the 43 percentile of these data. 3)

(c) Find the three quartiles for these data. 3)
Q=20+ 0 _
0; -0

(d) Calculate the quartile skewness coefficient for these data, and comment on
its value. 2)

The quartile skewness coefficient is defined by

6. The cholesterol levels of a group of 137 athletes are summarised in the table.

cholesterol level, ¢ (mg/dL) Number of athletes, f
160 < ¢ < 180 25
180 < ¢ <200 32
200 < ¢ <220 26
220 < ¢ <240 31
240 < ¢ <260 16
260 < ¢ <280 7

The midpoints, m, of each interval are calculated and the data is coded by

¢ ="-170 iving summary statistics ¥ Cf = 276 and ¥ C*f = 846.

20
(a) Calculate the mean and standard deviation of C. (5)
(b) Calculate the mean and standard deviation of c. 4)
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Exam-style mark scheme

AlleveIMathematics)

Data
Question Scheme Marks
Number
1. Time in minutes 314 means 34 minutes M1
0346678 (6) Ml
1[15809 (4) Bl Bl
2112668 (5) A2
3149 2)
4|2 1)
6
2. (a) Mean = % =62 M1 Al
s.d. = 2240 - 622 = /99.0666 MI
=9.95 Al 4)
32 (zaY
(b) Var(X) = W - (%) Ml
3 x? =20 x (14.4% + 61.5%) M1 Al
=79792 Al 4)
(©) Total marks for second class = 20 x 61.5 = 1230 Ml
Total marks for both classes = 1230 + 930 = 2160 Al
Mean mark for both classes = 2160 + 35 =61.7 Al 3)
(d) The two classes have very similar performances on average, but the
marks in the second class are much more spread out. M1 M1 (2)
13
3. (a) Least value =0, Q, =0, Q, =7, Q5= 22, greatest value = 50 B1 B1 Bl
, , , , , , , N B1 Bl
0 10 20 30 40 50 60
delay (minutes)
Q3 + 1.5 (Q3 — Q) = 55 —no outlier above upper quartile Bl
Boxplot drawn to scale B1 (7)
(b) Q;-Q,=15Q,-Q, =7
Q3 — Q, > Q, — Q so distribution has positive skew B1 B1 (2)
(@) The first airport has almost a third of flights on time; the second
has none. The first airport has a quarter of flights delayed by at least
22 minutes but the second has no delays over 19 minutes. B1 B1 (2)
11
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4. (a) Time 90-139 |140-149 | 150-159 | 160-169 | 170-179 | 180-229
Class width 50 10 10 10 10 50 Ml
No. cadets 12 8 6 5 5 5
Freq. density | 0.24 0.8 0.6 0.5 0.5 0.1 M1
(b) Histogram drawn correct and to scale B1 BI 4)
0.9
0.8+ —
0.7 -
0.6 —
frequency 0.5 -
density 0.4
0.3
0.2
0.1 1 —|
05 20 40 60 80 100 120 140 160 180 200 250 240 250 280
time (s)
Mid points  114.5 1445 1545 1645 1745 204.5 M1 Al
Mean = (1145 x 12 + 1445 x 8 +++++--v--- +204.5 x5) +41 = 150.6 mins| M1 Al 4)
8
5.(a) 73 cm M1 (D
(b) (i) 0.3 x50 =15, so 3" decile is between 15" and 16" value M1
D;=59.5 Al
(ii) 0.43 x 50 = 21.5, so 43" percentile is 22" value
(c) % x 50 = 12.5, so Q, is 13" value
% x 50 = 25, 50 Q, is between 25" and 26 values
(69 +70) =2 =69.5, s0 Q, =69.5 Al
% x 50 = 37.5, so Q; is 38™ value
Q;=79 Al (3)
0;-20,+0;  79-2x%x69.5+57 -
0,-0, 9= 357 =-0.14 Al
Slight negative skew Bl (2)
9
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6.(a) Mean of C = 276 _ 2.02 Use ofM M1 Al

137 > f
- _846 52 _ SCf =
Variance of C = 37 2.02=2.1166 Use of Wi C M1 Al
s.d =+/2.1166 = 1.455 Al (5)
(b) C = ”_15—(}70 i = 20C + 170 = 20 x 2.02 + 170 = 210.4 M1 Al
s.d. of m=s.d. of C x 20 =1.455 x 20 =29.1 M1 Al 4)
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Exam-style assessment All’eveIMathematics}

Probability

1. A bag contains 7 green discs and 3 red discs. A disc is selected at random from
the bag and its colour is recorded. The disc is not replaced. A second disc is
selected at random and its colour is recorded.

(a) Draw a tree diagram to represent the information. (3)
Find the probability that
(b) the second disc selected is green, 2)

(c) the discs selected are different colours, given that the first disc selected
is green. 2)

2. Of the pupils who took Mathematics in a certain school one year, 50% of them
took Physics, 35% of them took Chemistry and 40% took both neither Physics
nor Chemistry.

One of the pupils taking Mathematics is chosen at random.

(a) Find the probability that the pupil took both Physics and Chemistry.

(b) Given that the pupil took exactly one of Physics and Chemistry, find the
probability that it was Physics.

3. The events A and B are independent such that P(A) = 0.6 and P(B) = 0.4.

Find

(a) P(ANB), 2)
(b) P(A" N B), 3)
(c) P(AIB). (2)

4. A blue bag has discs numbered 1, 2, 4, 8 and 16 in it. A red bag has discs
numbered 1, 2 and 3 in it.
A coin is tossed, and a disc is drawn at random from the blue bag if it shows a
Head, otherwise a disc is drawn from the red bag.

Find the probability that
(a) the disc drawn has the number (1) 8 (ii) 2 (5)
(b) the red bag was used given that the disc had the number 2. 3)

© Oxford University Press 2008 m


daviesr
Placed Image


5. A pharmaceutical company is trialling a new drug. Patients are chosen at random
to be given the existing drug, the new drug or a placebo [a similar looking tablet
containing no drug]. The doctor notes how the patient is at the end of the course
of treatment, and the results are summarised in the table.

Outcome
Worse No change | improved Total
Existing drug 7 87 363 457
New drug 16 5 391 412
Placebo 93 68 214 375
Total 116 160 968 1244

A patient is selected at random.

A is the event that the patient was given the new drug.

B is the event that the patient improved during the course of treatment.
C is the event that the patient was worse after the course of treatment.
A’ is the event ‘Not A’

(a) Write down the value of
(i) P(A) (i1) P(ANB) (iii) P(BIA) (6)

(b) Find the probability that the patient improved if they had been given the
existing drug. (3)

(c) Dr Jeckyll says that a much higher proportion of patients improve with the new
drug, but Mr Hyde, the managing director, refuses to sanction further trials of
the drug in its existing form. Give a reason why Mr Hyde might have made
this decision. 2)
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Exam-style mark scheme

AlleveIMathematics)

Probability
Question Scheme Marks
Number
L. (a) g Green g—g
7 Green
10 = Red =
3 é Green g—é
10 Red
2 Red o
Diagram Ml
First branches Al
Second branches Al 3)
(b) Tx8,3,71.8_ 1 Ml AL ()
10 9 10 9 90 10
7
7Xi
(c) 10 9_1 M1 Al (2)
73
10 7
2. (a) A is event student takes Physics B takes Chemistry
PAUB) =1-PA'"nB)=1-04=0.6
P(ANB)=PA)+PB)-PAUB)=05+0.35-0.6=0.25 M1 Al (2)
(b) P(ANB)=PA)—-PANB)=0.5-0.25=0.25 M1
P(A'nB)=P(B)-P(ANB)=0.35-0.25=0.1 M1
P(ANB) __ 025 o M1 Al (4)
P(AnB)+P(A'nB) 025+0.1
6
3.(a) 0.6 x04=0.24 Use of P(A N B) =P(A) x P(B) M1 Al (2)
(b) 04-0.24=0.16 Use of P(B) =P(A N B)+ P(A' " B) M1 Al (2)
0.24 P(ANB)
—=0.6 =
(©) 04 Use of P(A/B) PB) M1 Al (2)
6
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4. (a) (1) P(bluen8) =%x§:0_1 Use of P(A N B) = P(A/B) x P(B) M1 Al (2)
(i1) P(bluem2)=%x%=0.1 Ml
P(redr\2)=l><l=l
2 3 6
PQ =112 ML AL (3)
10 6 15
: (An8)
3 i _5 _P(AnB
(b) P(red/2)= 0 =3 Use of P(A/B) = P(5) M1 Al
15 Al 3)
8
. 412 ... 391 ... 391
5.(a) i) —— (1) — (i) — M1 Al
1244 1244 412 Ml Al
M1 Al (6)
363
b —=0.794 M1 Al 2
(b) 157 (2)
(c) P(worse after existing drug) = # =0.0153 M1
P(worse after new drug) = % =0.388 Al
More than double the proportion get worse after new drug Bl 3)
11
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Exam-style assessment IAlleveIMathematics!

Correlation

1. The CensusAtSchool project has data on various physical measurements of pupils
who have completed their questionnaires.

The table shows the height, x (cm), and the foot length, y (cm), for a sample
of pupils.

x | 150 | 139 | 133 | 147 | 146 | 135 | 140 | 136 | 133 | 132 | 138
y 23 | 21 | 18 | 21 | 22 | 22 | 23 | 20 | 19 | 21 | 21

Yx=1529, Yx*=212913, Yy=231, Yy =4875 Y xy=32169

(a) Draw a scattergraph to represent this information. (2)
(b) Calculate the correlation coefficient between x and y. 4)
(c) Interpret your answer to part (b). (2)

2. The score on training, (7), and on the first performance assessment after starting
work, (W), for a group of 12 new employees at a firm gave the following summary
statistics.

S(t—7)"=1268.25, S (w—w)*=404.92, S(1—-7)w-w)=137.75

(a) Calculate the correlation coefficient between the training score and the
employees’ first performance assessments. 4)

(b) Comment on whether the score on training is a good indicator of how well
an employee will perform when they start work. (2)

(c) The manager of the training programme says that the maximum score in
the two assessments are not the same. He claims that the correlation would
be higher if the marks were scaled so both were out of 100. Explain why
he is wrong. (2)

3. A specialist physical trainer is brought in by the manager of a boxing team who
feels there are weaknesses in the boxers’ preparation.

Before planning a training programme, the trainer decided to see how many
repetitions of a hand strengthening exercise the boxers were able to do without
stopping for a rest.

The results were as follows:

Boxer A B C D E F G H
Left hand, x 27 | 35 | 28 | 41 | 36 | 22 | 28 | 37
Right hand,y | 32 | 39 | 31 | 38 | 37 | 25 | 27 | 40

The data in the table can be summarised as follows.
Sx=254, Yy=269, Xx>*=8352, Xy*=9273, Xxy=28773
(a) Calculate the correlation coefficient. 4)

(b) Comment briefly on its value. (2)

© Oxford University Press 2008 m




4. Two trainee wine buyers are given ten wines to taste on their first day at
work and asked to score the wines according to various criteria,
The scores for each trainee, x and y, for each wine is given in the table.

A |B |[C |[D |E |F |G |H I |J
x |58 |79 |52 |68 |56 |67 |53 |88 |71 |64
y |67 |75 |65 |65 |71 |69 |59 |65 |75 | 69

The data in the table can be summarised as follows.
Yx =656, Yy=0680, Xx*>=44248, Yy>=46458, Xxy=44798

(a) Calculate the correlation coefficient.
(b) Comment briefly on its value.

(c) Explain why you would expect the correlation coefficient to be higher if a

similar test was given to the two trainees at the end of their training programme.

4)
(2)

2)
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Exam-style mark scheme IAll’eveIMathematics;

Correlation

Question Scheme Marks
Number

1. (a) 4
244

23+ X X
22+ X X

21+ X X X X
20+ X

194
184
174
164
154

C)i%':-;o 135 140 145 150 155
height (cm)

foot length
(cm)

Axes; Points M1 Al 2)

_ _ 1529 x 231 _
(b) S, = 32169 5 60

2
S =212913 - 1222 = 387

_ 2312
S,y = 4875 - =1 =124 M1 Al

60
r = — = 0.627 M1 Al 4
V382 x 24 ®

(c) There is moderately strong (positive) correlation so pupils with larger
feet tend to be taller. Bl Bl (2)

2. (a) S, =13775  S,=126825 S, =404.92 MI Al

= 137.75 =0.192 Ml Al (4)
J1268.25 x 404.92

(b) If the two scores are measuring the same thing you would expect a
strong positive correlation, so this weak correlation suggests that the
training score gives very little indication of how well they will do
when they start work. B1 Bl 2)

(©) Correlation coefficients are independent of scale, so this will not make
a difference. B1 Bl (2)
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3.(a) S, =8773 - % = 23225
2
S, =8352- 2% = 2875 Ml Al
_ 269° _
S, =9273 - < = 227.875
= 2322 ___ _ (907 MI Al (4)
\/287.5 x 227.875
(b) very strong correlation, so boxers who are strong in one hand are likely
to be strong in the other as well. B1 Bl (2)
6
_ 656 x 680 _
4. (a) Sy _44798_T_190
2
S, = 44248 - O — 12144 MI Al
_ 680% _
S,, =46458 - o = 218
190
r=—190  -0369 MI Al 4
V12144 x 218 @
(b) This is only moderate correlation, but they are supposed to be measuring
the same thing, so you would expect it to be higher. B1 Bl (2)
(¢) With training, the trainees should understand the criteria better and be
more consistent in applying them, so the correlation should be stronger,
and the pmcc should therefore be higher. B1 Bl (2)
8
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Exam-style assessment IAlleveIMathematics!

Regression

1. A company manufactures soap powder. They give a number of identical blouses
to some customers and ask them to keep a record of how often the blouses are
washed. After 3 months, the company goes back to the customers and notes how
many times the blouse had been washed, and the strength of colour in the blouse.

Number of washes, n. 517 1941013 | 8 |7
Colour strength, s. 1714 (91611 | 8 | 109

The data in the table can be summarised as follows.
Sn=63, Ys=94, Yn?2=553, Ys2=1188, Sns=0685

(a) Explain why 7 is the explanatory variable in this situation. (1)
(b) Draw a scatter diagram for the data. 3)
(c) Calculate exact values of S, and S, 4)
(d) Calculate the equation for the regression line of colour strength on the number

of washes. Draw the regression line on your scatter diagram. 4)
(e) Give an interpretation of the slope and intercept of the regression line. (2)

(f) One of the customers who was given a blouse had washed it 8 times, but her
daughter was wearing it when the company rep called so he could not get the
colour strength. Estimate what the colour strength would be, and comment on
the reliability of your estimate. (3)

(g) Explain why the equation in part (d) should not be used to predict the colour
strength when one of the blouses has been washed 25 times. (2)

2. The number of hours of maintenance, ¢, required during a week is recorded for
10 machines in a factory, along with the age, d, of the machine in days.

The data are coded such that x = % and y=1-35.
2x=2759 Yy=18.8 Xxy=0656.7 S, =1684.7
(a) Find the equation of the regression line of y on x in the form y = a + bx. (6)
(b) Hence find the equation of the regression line of ¢ on d. 3)
(c) Predict the time taken on maintenance for another machine which is
1200 days old. (2)
(d) Give an interpretation of the slope and intercept of the regression line of 7 on d. (2)

3. As part of an investigation into organised crime, the fraud squad purchase a number
of copies of designer items from street traders. The table shows the price of the
designer original, x, and the price paid for the copy, y (both in £).

Designer,x | 1000 | 350 | 700 | 2500 | 380 | 165 | 590
Copy, y 240 | 50 | 250 | 300 | 80 | 60 | 70

The data in the table can be summarised as follows (see next page).
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2x=15685 2y=1050, 2x?>=8382225 Xy>=227500, Xxy=264100.

(a) Write down which is the explanatory variable in this investigation. (1)
(b) Draw a scatter diagram to illustrate these data. (3)
(c) Find the equation of the appropriate regression line. (6)
(d) Draw the regression line on your scatter diagram. (2)

4. The goals for, x, and against, y, for each football team in the FA Carling
Premiership in the 2006 — 07 season is shown in the table.

Goals for,x| 83 | 64 | 57 | 63 | 57 | 52 | 47 |52 |45 |52 |43 |44 |38 (29 |35|38|37|32(34]|29

Goals

5 27 |24 |27 |35 |54 |36 (52 (47|42 |54 |41 |49 (47 (445960 |59 55|60 |59
against, y

The data in the table can be summarised as follows.
Yx=931, Yy=931, Xx*=46927, Yy*=45959, Yxy=41077.

(a) Draw a scatter diagram to illustrate these data. (3)
(b) Find the equation of the regression line of y on x. (6)
(c) Draw the regression line on your scatter diagram. (2)

(d) Explain why the regression line should not be used to predict the number of
‘goals against’ for a team who score 50 goals in the FA Carling Premiership
in the 2008 — 09 season. (2)

5. The variables R and S are known to be approximately linearly related. Forty pairs
of values (7 s) of the variables gave the following results:

Sr=73.1, Yr’=351.5 Ys=3562, Ys*=2847.3, Yrs=497.2
(a) Find the equation of the regression line of s on . (6)

(b) Predict the value of S when R takes the value 7.3. (2)
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Exam-style mark scheme

AlleveIMathematics)

Regression
Question Scheme Marks
Number
1. (a) The colour strength is affected by the number of washes rather than Bl (1)
the other way round.
(b) A
184  y=-0.9714x+19.4
16 - )
14 -
12 -
colour 104
strength
6
4
2
O T T T ;
0 5 10 15
Number of washes
Axes, points, labels B1 B1 B1 (3)
©) S,y = 685 - 93X94 = 555 M1 Al
_ 63% _
S, =553 - <= 56.875 Ml Al 4)
_ -55.25 _ — Shs
(d) B = SC875 -0.971 Use of B = 5 M1
o0 =2%-(0971x8]=1940 Useofa=5-p7 M1
s=-0971n+ 194 Al
Line drawn Bl 4)
(e) The slope is the average loss of colour strength per extra wash,
the intercept is the estimate of the colour strength when the blouses
Were new. B1 Bl (2)
) 12 (11.6). The observed measurements are not very strongly correlated
(see the scatter diagram) so this can only be regarded as a ball M1
park estimate. B1 BI 3)
(2) If you substitute 25 for n you get a negative colour strength which does
not make sense - the problem lies in trying to extrapolate a long way
outside the observed data (the most was 13 washes). Also when the data
are only weakly correlated as here, the estimate would be so unreliable
as to be worthless when trying to extrapolate even if the same
relationship continued to hold. B1 Bl 2)
19
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2. (a) S,, = 656.7 %6“8-8 = 138.0 Ml Al
_ 138.0 _
B = T6gd7 = 0.0819 M1 Al
_ 188 2759 _
o =5 0.0819 x o= 0.380
y =0.0819x — 0.380 Ml Al (6)
(b) t-5=00819x 4230 _ 0380 M1 Al
t=13.39 +0.00273d Al (3)
(c) t=3.39 +0.00273 x 1200 = 6.67 hours M1 Al (2)
(d) the slope is the average extra weekly maintenance for each day’s use of
a machine, and the intercept is an estimate of the weekly maintenance
time for a new machine. Bl Bl (2)
13
3.(a) The price of the original — the price of the copy follows after this. B1 (1)
(b) 200
350 y = 0.1093x + 61.273
300 ~ %
price of 2501 xx
copy (£) 2001
150
1004 /
5O % x *
0 T T T >
0 1000 2000 3000
price of
designer item (£)
axes, points, labels B1 Al B1 (3)
©) S, = 264100 — 20821050 — _583650
2
S, = 8382225 - 2985~ 3765193 Ml Al
_ -588650 _
B = 3765193 0.1563 M1 Al
o =100 — 0.1563) x 298 = 277 MI Al (6)
y =277 - 0.156x
(d) see scatter diagram M1 Al (2)
12
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4. (a)

70+ y =-0.63x + 75.877
60 %K
50
goals against 40
304
20+
10
0 T T T T T ;
0 20 40 60 80 100
goals for
axes, points, labels B1 Al B1 (3)
(b) Sy = 41077 - 21XBL = 226105
S. =4692 95’(1) = 3588.95 Ml Al
_ —2261.05 _
B = 358505 0.630 M1 Al
a=21-0.630)x 21 =7588 ML Al (6)
y= 75.88 —0.630x
() see scatter diagram M1 Al (2)
(d) The data used to construct the model is for the season 2006—07 and this
is 2 seasons later, so it is risky to assume that the same model will apply.
The teams and players will almost certainly be different. B1 Bl (2)
13
5. (a) S, =497.2 - X302 - 1537555
S, =351.5- 72—-01 =217.90975 M1 Al
_ -153.7555 _ _
B = 31750075 — 0.7056 M1 Al
o =302 07056 x L = 10.19 M1 Al (6)
§ = 10.2 - 0.706r
(b) s=10.2-0.706 x 7.3 =5.04 M1 Al (2)
8
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Exam-style assessment All’eveIMathematics}

Discrete random variables

1. The random variable X has probability function

P(X:x):é, x=1,2,3,4,5

(a) Show that k = % )
Find

(b) u=EX) (2)
() PX<p (3)
d) E(5 - 2X). 3)

2. A discrete random variable X has the probability function shown in the table.

X 2 5 10
P(X =x) 0.2 a 0.8—a

(a) Given that E(X) = 6.9, find a. 3)
(b) Find Var (X). 3)
(c) Find P(X < u— o), where u = E(X), 62 = Var(X) 4)

3. I have an unbiased die. For each of the following, state with a reason whether
the random variable is a discrete uniform distribution.

(a) X = the number of times I get a six if I roll it 30 times.
(b) Y = the larger of the scores showing on the top face when I roll it twice.

(¢c) Z =6 - the score showing on the top face when I roll it. (3)

4. A discrete random variable X has the cumulative distribution function shown
in the table.

C3 3 7 9 10
F(x) 02 | 05 | 09 1
Find
(a) P(X=9), (2)
(b) E(X), (4)
(c) Var (X) (3)
(d) EG -2X), (2)
(e) Var(5 —2X) (2)

5. The random variable X has probability function

P(X:x):(91_62x) x=1,2 3,4

(a) Construct a table giving the probability distribution of X. (3)
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Find

(b) P2 <X<4) 2)
(c) E(X) 2)
(d) Var(X) 4)
(e) Var(2 - 3X). (2)
6. The random variable X has the discrete uniform distribution
PX=x)=1, x=12345

(a) Write down the value of E(X) and show that Var(X) = 2. 3)
Find

(b) EGX —4), 2)
(c) Var(6 — 5X) (2)

7. The discrete random variable X has probability distribution

x -1 0 1 2 3
PX =x) 0.1 025 | 02 | 015 | 03

(a) Calculate P(-1 <X <2) 2)
(b) Find E(X) (3)
(c) Find E4X%+1) (3)

8.  When two fair dice are thrown, the probability distribution of the larger score
showing, X, is

x 1 2 3 4 5 6
_ 1 ) el v 9 11
P(X =x) 36 36 36 36 36 36

In a board game, a coin is tossed to decide how many dice are thrown in a player’s
turn. If it shows Heads then one dice is used. If it shows Tails, then two dice are
thrown and the larger score is taken.

(a) Find the probability distribution of Y, the score on a player’s turn. (3)
(b) Calculate E(Y) 3)

9. Two fair dice are thrown. Let X = the product of the scores on the top faces.
(a) Give the probability distribution of X. 4)
(b) Calculate E(X). 3)
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Exam-style mark scheme IAll’eveIMathematics;

Discrete random variables

Question Scheme Marks
Number
1,1 .1, 1,1)_
1. (a) k(i+§+§+z+§)—l Mi
137 _ _ 60
kx%—l k—137 Al (2)
_ 60 (1,1 Lo 1) _ 60 o5
(b) E(X)—137(1><1+2><2+ +5><5)_137><5 2.19 Ml AL (2)
_ _ 60 1\ _ 90
(c) PX <pu)=PX <22 = m(l + 5) =137 M1 M1 Al1(3)
SR = 50300 _ 87
(d) ES-2X)=5-2EX)=5 2><137 =137 M1 M1 A1(3)
10
2.(a) EX)=2x0.2+5a+ 10(0.8 —a) =6.9 M1 Al
84-5a=69 a=03 Al (3)
EX?)=2°x02+5x03+10>°x0.5=583=p Ml
Var(X) = 58.3 — 6.9 =10.69 = ¢~ M1 Al (3)
PX<u-0)=PX<69-33)=P(X<3.6) Ml Al
=P(X=2)=0.2 M1 Al 4)
10
3.(a) No — you can get 0 to 30 but they are not equally likely outcomes. Bl
(b) No — the values 1 to 6 are not equally likely. Bl
(@) Yes — the values 0-5 are equally likely. Bl
3
4.(a) PX=9)=F©9) -F7)=04 M1 Al (2)
(b) PX=3)=02 PX=7)=03 PX=10)=0.1 Ml Al
EXX)=3%x02+7%x03+9%x04+10x0.1=73 M1 Al 4)
(c) EX?)=3?x02+7>x03+92x0.4+10%>x 0.1 =58.9 M1
Var(X) = 58.9 — 7.32=5.61 M1 Al (3)
(d) E5-2X)=5-2EX)=5-2x73=-9.6 M1 Al (2)
Var(5 — 2X)=2>Var(X) =4 x 5.61 = 22.44 M1 Al (2)
13
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_(9-2x1)_ 17
5.(a) P(X =1 === ¢ Ml
X 314 M1
_ 71513 | L Al 3
PX'=x) |15 | 16 | 16 | 16 ©)
(b) PQ<X<4)=PX=2+PX=3)= % %:% Ml Al (2)
(c) E(X)—lx—+2xﬁ+3xﬁ+4xﬁ—1875 M1 Al 2)
2o 1 205 203 201
(d) E(X?) = 1>< +2 ><16+3 ><16+4 ><16 4.375 M1 Al
Var(X) = 4.375 — 1.875%2 = 0.859375 M1 Al 4)
(e) Var(2 — 3X) = 3%Var(X) = 9 x 0.859375 = 7.734375 M1 Al 2)
13
6.(a) EX) =3 B1
E(Xz)—%( P+22+32+42+5) =11
Var(X)=11-32=2 Ml Al (3)
(b) E3X-4)=3E(X)-4=3x3-4=5 Ml Al (2
(c) Var(6 — 5X) = 5?Var(X) =25 x 2 =50 M1 Al 2)
7
7.(a) P-1<X<2)=PO)+P(1)+P2)=0.6 M1 Al 2)
(b) EX)=-1x0.1+0x0.25 + -eeee- +3x03=13 Ml Al (2
(c) E(XX?) = (-1)2 x 0.1 + 0% x 0.25 + «+eevene +32%x03=3.6 M1 Al
E4X?+1)=4EX}) +1=4x3.6 +1 =16 Ml Al (3)
7
8.(a) P(1 dice used) = P(2 dice used) = > M1
P(Y =1) =P(1 dice used and score is 1) + P(2 dice used and score is 1)
1l 1, 1.1 _ 7
—2><6+ ><36 D) M1 Al
PY =2) = 7—2, P(Y =3) = 72, P(Y =4 = 72, P(Y =5) = 72,
P(Y =6) = ﬁ Al (4)
—1x-L 9 4o 17 _ 287
(b) EY) = 1><32+2><72+ +6><72 =3.99 M1 Al (é)
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9.(a) First dice

10 [ 15 ] 20 | 25 | 30
12 | 18 | 24 | 30 | 36

1|23 |4]|5]|6 M1 Al
1 1 2 13| 4|56
2 | 2|46 |8 |10|12
second 3 3 6 9 |12 | 15| 18
dice 4 | 4 | 8 | 12|16 |20 | 24
5|5
6 | 6

x (1]2(3(4|5]6(8]9(10]|12(15|16(18|20|24|25|30]|36 M1 Al 4)

P(x) 13613636 |36 |36 36 36 |36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

(b) E(X)=%(1><1+2><2+3><2+ ------- +36x1)=%=12.25 Ml A2 (3)
7
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Exam-style assessment All’eveIMathematics}

The Normal distribution

1. A psychologist produces a new measure she claims measures a person’s intelligence.
Measurements on the scale, Y, have a mean of 200 and standard deviation 25.
Assuming that the measurements can be modelled by a normal random variable,

find

(a) P(Y > 240), 3)
(b) P(170 < Y < 195), 4)
(c) the value of &, to 1 decimal place, such that P(Y < k) = 0.03 4)

2. Jam is sold in jars containing a stated weight of 250 g of jam. The jars are filled by
a machine. The actual weight of jam in each jar is normally distributed with mean
257 g and standard deviation 5 g.

(a) (i) Find the probability of a jar containing less than the stated weight.
(i1) In a box of 24 jars, find the expected number of jars containing less than
the stated weight. (5)

The mean weight of jam is changed so that 1% of the jars contain less than the
stated weight. The standard deviation stays the same.

(b) Find the new mean weight of jam. 4)

A sales representative for the machines which fill the jars claims that the latest
model will have only 1% of the jars contain less than the stated weight when the
mean weight of jam 1s 253 g.

(c) What is the standard deviation of the amount of jam in the jars filled by the
latest model? 4)

3. The random variable X ~ N(u, c2).
It is known that

P(X < 25) =0.0668 and P(X < 44.5) = 0.9599

(a) (1) Show that the value of o is 6.
(i) Find the value of u. (8)

(b) Find P(37 <X < 39). (3)

4. The length of time it takes a plumber to complete a job on a callout may be
modelled by a Normal distribution with mean 11 minutes and standard deviation
150 seconds.
Find the time, ¢ minutes, such that 1 job in 7 will take the plumber longer than
¢ minutes to complete. (6)
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5. The breaking strains of cables produced by a factory are normally distributed
with mean yu Newtons and standard deviation o Newtons. Only 2.5% of
all cables break at a strain of less than 6416 Newtons and 20% break at more
than 7537 Newtons.

(a) Show that u— 6416 = 1.960. (2)

(b) Obtain a second equation in p and o. 3)

(c) Find the values of u and o correct to 2 significant figures. 3)

(d) Find the values between which the middle 90% of breaking strains lie. (6)
6. A student scores 81% in a statistics practical examination, and 87% in a statistics

theory examination.

The table shows the mean and standard deviations of the marks on these

two examinations.

mean | standard deviation
statistics practical 73 6
statistics theory 81 9

Explain why the student’s performance in the practical is better than their

performance in the theory. 4)
7. The random variable X is normally distributed with mean 7830 and variance 1225.

Find

(a) P(X<7760), (3)

(b) P(7800 < X < 7900). (3)

It is known that P(a < X) = 0.18. Find the value of a. 3)
8. The length of bolts produced in a factory can be modelled by a Normal

distribution with mean 37.2 mm and standard deviation 0.8 mm.

Any bolts which are less than 36 mm in length are scrapped.

(a) What proportion of bolts are scrapped? (3)

(b) What is the median length of the bolts which are not scrapped?

(Give your answer in mm correct to 2 decimal places.) 4)
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Exam-style mark scheme

AlleveMathematics}

The Normal distribution

Question Scheme Marks
Number
1. (a) P(Y > 240) = P(z > W) Mi
1 - ®(1.6) = 1 — 0.9452 = 0.0548 Bl Al (3)
(b) P(170 < ¥ < 195) = q>(1952‘5200) - @(1702‘5200) M1 MI
= B(-0.2) — D(-1.2)
= (1 —0.5793) — (1 — 0.8849) = 0.3056 Bl Al (4
() P(Y < k) = 0.03
k — 200\ _
P(Z< 2 )_0.03 Ml
200 — k\ _
cp( - ) —0.97 MI
203;" 1881 k=153.0 Bl Al (4)
11
2. (a) (i) X ~N(257, 5%
P(X < 250) = P(Z < M) = ®(-1.4) = 0.0808 M1 Bl Al (3)
(1) Expected number of jars = 0.0808 x 24 =1.94 =2to 1 s.f. MI1 Al (2)
(b) Y ~ N(g, 5) B
P(Y < 250) = 0.01
250 — pu\ _ p =250\ _
P(z < B0=t) =001 Pz > £=20) =01 MI
2.3263 = “‘T%O 1 =261.6 Bl Al (4
(c) M is the weight with new machine. M~N(253, o) B1
P(M < 250) = 0.01
P(z < M) - 0.01 P(z > i) - 0.01 M1
(e (e)
% =23263 o =129 Bl Al (4)
13
3.(a) (i) P(X < 25)=0.0668
P(Z< 25‘“):0.0668:>P(Z< “‘25)=0.9332 MI
(2 (e2
J“;—25 -15 Bl Al
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P(X < 44.5) = 0.9599

P(Z < 22=4) = 0959 Ml
B3 =175 Bl Al
u—-25=15c M1
445 - n=1.75¢c
c=6
(i) u=34 Al (8)
(b) PG7 < X <39)=P(z < 2234) _p(z < 31234 M1
0.79767 — 0.69146 = 0.1062
(as interpolation is not required, answers which round to 0.11) B1 Al 3)
11
4. X ~N(11,2.5?% Bl
P(X>1)=1 P(X<n=2 Ml
P(Z<f‘“)=08571 M1 BI
2.5
1.07 = tgsll t = 13.7 minutes M1 Al
' 6
5.(a) P(X < 6416) = 0.025
P(z < SO=k)_ 0,05
(o)
P(z > 4=8416) — 9,025 M1
”_Tmzl.96:>u—6416:1.960 Bl 2)
(b) P(X >7537)=0.2
P(z>T31-k)- 02 MI
753%” =0.8416 = 7537 — u = 0.84160 Bl Al (3)
(©) Solving both equations simultaneously gives:
o =400 M1 Al
u="7200 Al 3)
(d) P(X < x,)=0.95 Bl
P(X > x,)=0.05
X — 7200) _
P(Z >~ 00 ) = 0.05 M1
X, — 7200 _ _
T 1.6449 = x, = 7858 B1 Al
x, and x, are equidistant from 7200
" Xy = 7200 — (7858 — 7200) = 6542 M1 Al (6)
14
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6. Standardised practical mark is 81 g B-13 M1 Al
Standardised theory mark is 87 ; 81 _ 04 Al
Therefore practical mark is better. Bl
4
7.(a P(X < 7760) = P(Z < w) =®(-2)=1-0.9772 M1 BI
@ 1225
=0.0228 Al €)
(b) P(7800 < X < 7900)
7900 — 7830 7800 — 7830
=P|Z < Z——F—=|-P|Z < =——— M1
=®12) — D(— 0.8571) =0.9772 — (1 — 0.8043) = 0.7815 (awrt 1.782) B1 Al (3)
() Pla<X)=0.18=PX >a)=0.18=PX <a)=0.82 Bl
a—"7830) _
P(z < 4=1830) - 0.2
a—"7830 _
35 = 0.915 M1
a=17860 Al (3)
9
8. (a) P(X <36) = P(z < 205372) M1
=®(-1.5)=1-0.9332 =0.0668 = 6.7% B1 Al (3)
(b) Require a such that P(X < a ) = 0.0668 + 0.5 (1-0.0668) Ml
P(X < a) = 05334 = P(z < ©372) = 05334 MI
a=37.2 _ 00838 = a = 37.27 Bl Al 4
og =0 = a =37. (4)
awrt 37.3 accepted because interpolation not required 7
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