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Complex numbers

Exam-style assessment

2

 1. It is given that z = 3 + 3i and w is a complex number such that |zw| = 12.

  (a) Show that w = 2 2 . (5)

  (b) Given that arg w = 1
6
p , find w in exact cartesian form. (3)

 2.  Points P and Q on the Argand diagram represent the complex numbers z i= +3  

and w i= +− 2 2  respectively. q = POQˆ  has been marked on the diagram.

  

q

O
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Q

P

Re

  (a) Find arg z and arg w, giving each answer in terms of p. (4)

  (b) Hence show that q = 7
12
p . (2)

  (c)  Verify that P and Q lie on a common circle, centred at O, and find the exact 
length of the minor arc PQ. (6)

 3. The complex number z = a + ib, where a, b Î R, satisfies the equation 

   z2 - 15 = 8i

  (a) Show that a2 - b2 = 15 and write down a second equation in a and b. (5)

  (b) Hence solve the equation z2 - 15 = 8i. (7)

  (c) By completing the square on w, or otherwise, solve the equation 

    w2 + 8w + 1 = 8i (5)

 4.  It is given that 2i is a root of the equation P(z) = 0, where P(z) = z3 + az2 + bz - 12, 
for a, b Î R.

  (a) Show that a = -3 and find the value of b. (4)

  (b) Hence solve the equation P(z) = 0. (6)

 5. It is given that 1 3+ i  is a root of the equation x3 + a = 0, where a Î R.

  (a) Find the other two roots of this equation. (6)

  (b) Hence, or otherwise, find the value of a. (2)

  (c)  Show, on a single Argand diagram, the three points which represent the roots 
of this equation.  (2)

  (d)  Prove that the triangle with vertices defined by these three roots is equilateral 
and find its exact area. Give your answer in simplified surd form. (6)
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 6. It is given that 1 + i is a root of the equation x4 - 2x3 + 4x2 - 4x + 4 = 0

  (a) Write down another root of this equation. (1)

  (b)  Find all the roots of this equation, giving each answer in the form a + bi 
where a, b Î R. (5)

  (c)  Illustrate, on a single Argand diagram, the four points which represent the 
roots of this equation. (2)

  (d)  Calculate the exact area of the quadrilateral with vertices defined by these 
points. (2)

 7. The complex number z satisfies the equation z k
z k

i−
+ = , where k > 0.

  (a)  Show that |z - k| = |z + k| and hence give a geometrical reason why z must 
be purely imaginary.  (4)

  (b)  Use algebra to solve the equation z k
z k

i−
+ = , giving the answer for z in 

terms of k. (4)

 8. Given that z i= −2 4  and w = 2 + bi, where b Î R, is such that argw = − 1
4
p

  (a) show that b = -2, (2)

  (b) calculate |zw|, (3)

  (c) find the value of n for which 16|zn| = 81|wn|. (3)

 9. For the complex numbers z i= +( )4 1
6

1
6

cos sinp p  and w i= −− 2 2, find

  (a) z
w ,  (4)

  (b) arg z
w( ), giving your answer in terms of p. You may use the result arg arg argz

w
z w( ) = −  (4)

  (c)  On an Argand diagram, plot the points A, B and C representing the complex 

numbers z, w and z
w  respectively. (3)

  (d) Show that triangle CBO is equilateral and find its exact area. (4)



Complex numbers

Exam-style mark scheme

2

Further Pure FP1© Oxford University Press 2008

 Question Scheme Marks
 Number

 1. (a) z i= + = = =+3 3 39 9 18 2  M1 A1

   w zw

z
= = = = =12

3 2
4
2

4 2
2

22   M1 ratio of 
modulus’ 
M1 A1

  (b) w r i i= + = +( )( )cos sin cos sinq q p p2 2 1
6

1
6

  M1 in mod-arg 
form

   = + = +





2 2 3

2
1
2

6 2i i  M1 A1

 8

 2. (a) arg tanz = =− 





1 1
3

1
6
p  M1 A1

   arg tanw = + = + =−

−







 −1 2

2
1
4

3
4

p p p p  M1 A1

  (b) q p p p= − = − =arg argw z 3
4

1
6

7
12  M1 A1

  (c) z i= + + ==3 3 1 2  M1 A1

   w i= + = + =− 2 2 2 2 2  A1

    |z| = 2, |w| = 2 and so P and Q lie on a common circle, centred at O, 
radius 2 E1

   Arc length PQ = rq = ‘2’ ´ 7
12
p = 7

6
p   M1 A1ft 

(their ‘2’ only)
 12

 3. (a) Since z = a + ib

    z2 - 15 = 8i Þ (a + bi)2 -15 - 8i = 0 M1 rearrange
     Þ a2 + 2abi - b2 - 15 - 8i = 0 M1 expand
     Þ (a2 - b2 - 15) + (2ab - 8i) = 0 M1 collect

    Hence a2 - b2 = 15 and 2ab - 8 = 0 A1 A1

  (b) From 2 8 0 4ab b
a

− = =,  M1

   Hence a b a
a

2 2 2
2

15 15 04− = ⇒ − − =( )  M1 substitute

   Þ a4 - 15a2 - 16 = 0  M1 expand and 
simplify

   Þ (a2 + 1) (a2 - 16) = 0 M1 factorise
   Þ a = ±4  A1 must not have 

complex solution
   a = ±4 Þ b = ±1 A1ft for ‘b’
   Hence the solution of the given equation is z = 4 + i, z = -4 - i A1ft
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  (c) w2 + 8w + 1 = 8i Û (w + 4)2 - 16 + 1 = 8i M1 A1
   Û (w + 4)2 - 15 = 8i
   Hence w + 4 = 4 + i or w + 4 = -4 - i M1
   Þ w = i or w = -8 - i A1 A1
 17

 4. (a) P(z) = z3 + az2 + bz - 12,  M1 use of factor 
   P(2i) = 0 Þ -8i - 4a + 2bi - 12 = 0 theorem
   Þ (-4a - 12) + (2b - 8)i = 0 M1 collect
   Hence -4a - 12 = 0 Þ a = -3 A1
   2b - 8 = 0 Þ b = 4 A1

  (b) P(z) = z3 - 3z2 + 4z - 12  M1 conjugate
   (z - 2i) and (z + 2i) are factors of P(z) pairs
    (z - 2i)(z + 2i) = z2 + 4 M1
    Þ (z2 + 4) is a factor of P(z) A1

    Any appropriate method (e.g. long division or comparing coefficients) 
yields the factorisation P(z) = (z2 + 4)(z - 3) M1 A1

    Hence the equation P(z) = 0 has solution z = ±2i, z = 3 A1
 10

 5. (a) If P(x) = x3 + a then 1 3− i  is also a root of the equation P(x) = 0 B1

   Hence x i x i x x− + − − = − +( )( ) ( )( ) ( )1 1 2 43 3 2  is a factor of P(x) M1
     M1
   Þ (x2 - 2x + 4)(x + b) = x3 + a for some real number b. simplification
    Compare coefficients of x2 b - 2 = 0 M1
    Þ b = 2 A1
    Hence P(x) = (x2 - 2x + 4)(x + 2)
   The other two roots of the equation P(x) = 0 are 1 3− i  and -2 A1 (-2 only)

  (b) The constant term in (x2 - 2x + 4)(x + 2) is 4 ´ 2 = 8 M1
    Hence a = 8 A1

  (c) 

O–2

A

B

C
Re

Im

1

√3

–√3

 D2

  (d) AC BC2 2 2 23 3 12= + = =( )  and so AC BC= = =12 2 3  M1 A1

    AB AB AC BC= + = ⇒ = =3 3 2 3  M1 A1

    Hence triangle ABC is equilateral.

   Area: 1
2

3 3 3 3bh = × =  M1 A1
 16
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 6. (a) 1 - i  B1

  (b)  Since 1 ± i  are roots of the given equation, (x - (1 + i))(x - (1 - i)) 
is a factor of P(x) = x4 - 2x3 + 4x2 - 4x + 4 M1

    Hence (x2 - 2x + 2) is a factor of P(x)  M1 expand and 
simplify

    Any appropriate method (e.g. long division or comparison of 
coefficients) yields the factorisation M1

    P(x) = (x2 - 2x +2)(x2 + 2) A1

   Hence the equation P(x) = 0 has roots 1 ± i, 0 2± i  A1

  (c) 

O

–1

Re

Im

1

1

√2

–√2

     D2

  (d) The area of the trapezium is 2 2 2 1
2

2 1+( ) × = +  M1
     A1
 10

 7. (a) z k
z k

z k
z k

i i−
+

−
+= ⇒ = =| |

| | | | 1 M1

    Þ |z - k| = |z + k| A1
    In the Argand diagram, points A and B represent the complex 

numbers k and -k respectively.

   

O Re

Im

AB

    The result |z - k| = |z + k| implies that z is equidistant from points 
    A and B and hence z lies on the perpendicular bisector of the line AB, 

which is the imaginary axis.

   

O Re

Im

AB

z
 E2
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  (b) z k
z k

i z k i z k−
+ ( )= ⇒ − = +  M1 expand

   Þ z - k = iz + ik
   Þ z(1 - i) = k(i + 1)  M1 collect and 

factorise
   Þ z = k 1

1
+
−( )i

i
  M1 divide and 

simplify
   Þ z = ki A1
 8

 8. (a) w bi w b b= + ⇒ = ⇒ =− −( ) ( ) −2 1 1

2 2
1
4

arg tan tan p  M1

    ⇒ = ⇒ =− −b b
2

1 2  A1

  (b) |z| = 18 3 2 8 2 2= = =, | |w  M1

   |zw| = 3 2 2 2 12( ) ( )× =  M1 A1

  (c) 16 |zn| = 81 |wn| Þ 16 18 81 8× = ×( ) ( )n n
 M1

    ⇒ =( )9
4

81
16

1
2

n
 M1

    Hence 1
2

2 4n n= ⇒ =  A1ft
 8

 9. (a) |z| = 4 B1

   w i w= − ⇒ = = =− − −( ) + ( )2 2 2 2 4 2
2 2

 M1 A1

   ⇒ = =z
w

4
2

2 A1ft

  (b) arg z = 1
6
p  B1

   w i w= − ⇒ = − = − =− −

−
−− 






2 2 2

2
1
4

3
4

1arg tan p p p p  M1 A1

   Hence arg z
w( ) ( )= − =−1

6
3
4

11
12

p p p  A1ft

  (c) 

O Re

Im

B

C
A

 

B

O

C

p
1
4

p –     p =          p    
11
12

1
12

      D3ft their ‘C’ only

  (d) COBˆ = + =1
12

1
4

1
3

p p p

    OB w OC z
w

= = = =2 2,

    Hence triangle CBO is isosceles with an interior angle of 1
3
p radians  E1 angle

and hence is equilateral. E1 sides

   The area of triangle CBO is 1
2

1
3

3
2

32 2 2× × × = × =( )sin p  M1 A1
 15



Further Pure FP1© Oxford University Press 2008

Numerical solution of equations

Exam-style assessment

3

 1. Given that f(x) = x cos x - 1, where x is in radians,

  (a) show that the equation f(x) = 0, has a root a between x = 4 and x = 5. (2)

  (b)  using the end points of the interval (4, 5), find by linear interpolation 
an estimate for a. Give your answer correct to 2 decimal places. (7)

 2.  For the function f(x) = x4 - 2x3 - 3, it is given that the equation f(x) = 0 has 
exactly one root a in the interval (2, 2.5).

  (a)  Taking x1 = 2.5 as a first approximation to a, apply the Newton-Raphson 
process once to f(x) to find a second approximation to a. (4)

  (b)  By considering the change of sign of f(x) over a suitable interval, show that 
your answer to part a is accurate to 1 decimal place.  (3)

 3. The function f(x) is given by f( ) sinx x
x

= −( )1
2

  (a)  Show by means of a sketch that, in the interval [0, p], the equation f(x) = 0 
has exactly two roots a and b, where a < b. (3)

  It is given that 0.6 < a < 0.8
  (b)  Starting with the interval (0.6, 0.8), use interval bisection on f(x) twice to 

find a to 1 decimal place. (5)

  (c) Show that b lies in the interval (3, p). (2)

  (d)  Using the end points of the interval (3, p) find, by linear interpolation, 
an approximation to b. Give your answer to 2 decimal places. (7)

 4.  The diagram shows the graph of the equation y = f(x), where f( )x x x
x

= − −3 22 5 , 
x > 0. The graph crosses the x axis exactly once, at a.

  

O

y

a x

  (a) Show that a lies in the interval (2, 3). (2)

  (b) Show that f ¢(x) = 2x - 2 + 5
2x
 (3)

  (c)  Taking x1 = 3 as a first approximation to a, apply the Newton-Raphson 
process once to f(x) to find a second approximation to a. Give your answer 
to 1 decimal place. (4)

  (d)  Show, by means of a change of sign of f(x)over a suitable interval, 
that a = 2.69 to 2 decimal places. (2)
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 5.  It is given that the equation f(x) = 0, where f(x) = tan (2x) + x - 2, has a root a 
between x = 1 and x = 2.

  (a)  Starting with the interval (1, 2) use interval bisection twice to find an interval 
of width 0.25 which contains a. (4)

   It can be shown that the equation f(x) = 0 does not have any roots in the 
interval [0.7, 0.8].

  (b) (i) Show that f(x) changes sign over the interval [0.7, 0.8].
   (ii)  Explain, with reference to the graph with equation y = tan (2x), what has 

caused f(x) to change sign over this interval. (4)

 6.  The diagram shows the graph with equation y = f(x) where f(x) = x3 - 4x + 2. 
The graph has three roots, a, b and g, where 0 < b < 1 and -3 < g < 0. 
Point P is a stationary point on the curve. 

  

O

y

P

1–3 abc x

  (a) Show that 1.5 < a < 1.7 (2)

  (b)  Using the endpoints of the interval (1.5, 1.7) find, by linear interpolation, 
an approximation to a. Give your answer to 2 decimal places. (7)

  (c) (i)  Taking x1 = 0.5 as a first approximation to b, apply the Newton-Raphson 
process once to f(x) to find a second approximation to b. Give your 
answer to 2 decimal places.

   (ii)  Show, by means of a change of sign of f(x) over a suitable interval, 
that b = 0.54 to 2 decimal places. (6)

  (d) (i)  Taking x1 = -1 as a first approximation to g, apply the Newton-Raphson 
process once to f(x) to find a second approximation to g.

   (ii)  Explain why your answer to part d i is such a poor estimate for g. 
Justify your answer.

   (iii)  State the root to which the Newton-Raphson process would converge if 
further iterations were calculated based on a starting value of x1 = -1.

    Illustrate the process by drawing suitable tangents on a copy of the curve. (6)



Numerical solution of equations
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 Question  Scheme Marks
 Number

 1. (a) f(4) = 4cos (4) - 1 = -3.61... < 0
   f(5) = 5cos (5) - 1 = 0.418... > 0 M1
   The change of sign indicates there is a root a between x = 4 and x = 5. A1

  (b)  The gradient of the straight line approximating the curve y = f (x)  M1 A1
across the interval [4, 5] is given by  calculating y

   m
y y
x x

= = =−
−

− ( )
−

−
2 1

2 1

0 418 3 61
5 4

4 033
. ... . ... ...

. ...
     M1 A1ft
   The equation of this line is given by y - 0.418 = 4.033...(x - 5) equation of line

   This line crosses the x-axis when y = 0

    -0.418 = 4.033...(x - 5)
    ⇒ = + =−x 0 418

4 033
5 4 896. ...

. ...
. ...   M1 A1ft if in 

interval
   By linear interpolation, an estimate for a is x = 4.90 to 2 d.p. B1 rounding
 9

 2. (a) f(x) = x4 - 2x3 - 3 Þ f¢(x) = 4x3 - 6x2 B1
   f(x1) = f(2.5) = 4.8125 M1
   f¢(x1) = f¢(2.5) = 25 

    x x1 22 5 2 5 2 30754 8125
25

= ⇒ = − =. . ..  M1

    Hence a second approximation to a is x2 = 2.3075. A1ft

  (b) To 1 decimal place, x2 = 2.3
   Test for a change of sign of f(x) over the interval (2.25, 2.35) M1
    f(2.25) = -0.152... < 0
    f(2.35) = 1.542... > 0 A1
    Since a is the only root of the equation f(x) = 0, a = 2.3 to 1 

decimal place and hence x2 = a to 1 decimal place. A1
 7
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 3. (a) f x x
x

( ) ( )= −1
2

sin

    The roots of the equation f(x) = 0 correspond to the intersection 

points of the graphs with equations y
x

= ( )1
2

 and y = sin x

   The diagram shows the graphs with these equations for 0  x  p

   

O pba

y = (   )x1
2

1 y = sin x

x

y   D2 (could also 
draw the function 
itself and show 
the intersections 
with x-axis)

    The two intersection points correspond to the two roots a and b of 
the equation f(x) = 0, where a < b. A1

  (b) f(0.7) = -0.028... < 0

   

x

f(0.7) < 0f(0.6) > 0

x = 0.6 x = 0.7 x = 0.8 

f(0.8) < 0

0.6 < a < 0.7 

 M1 A1

   f(0.65) = 0.032... > 0 M1 A1

   

x

f(0.65) > 0f(0.6) > 0

x = 0.6 x = 0.65 x = 0.7

f(0.7) < 0

0.65 < a < 0.7 

   Hence a = 0.7 to 1 decimal place. A1

  (c) f(3) = -0.016... < 0  f(p) = 0.113... > 0 M1
    The change of sign indicates there is a root between x = 3 and x = p 

Since the equation f(x) = 0 has only two roots in the interval (0, p) 
and a < 3, it follows that the root in the interval (3, p) must be b A1

  (d)  The gradient of the straight line approximating the curve y = f(x) 
across the interval (3, p) is given by

   
m

y y
x x

= = =−
−

−
−

−2 1

2 1

0 113 0 016
3

0 911
. ... ( . ...)

. ...p
  M1 A1 

calculating y

   The equation of this line is given by   M1 A1ft 
    y - 0.113... = 0.911...(x - p) equation of line

   This line crosses the x-axis when y = 0
   x = + =−0 113

0 914
3 017. ...

. ...
. ...p   M1 A1ft if 

in interval
    Hence an approximation to b found by linear interpolation is x = 3.02 

(2 decimal places). B1 rounding
 17



Further Pure FP1© Oxford University Press 2008

 4. (a) f(2) = -2.5 < 0, f(3) = >1 3 0.  M1
    The change of sign over this interval indicates that there is a root in the 

interval (2, 3). Since the graph crosses the x-axis only once, at a, it 
follows that a lies in this interval. A1

  (b) f(x) = = − −− − −x x
x

x x x
3 2

2 12 5 2 5  M1

    Þ f¢(x) = 2x - 2 + 5x-2 M1

    = − +2 2 5
2x

x
 A1

  (c) f¢(x1) = f¢(3) = × − + =2 3 2 4 55
32 .  M1

   
( )
( )= ⇒ = − = − =

�

�

1
1 2 1

1

f 1.3
f 4.5

3 3 2.70731...
x
x

x x x
�

 M1

   Hence a second approximation to a is x2 = 2.70731... . = 2.7 (1 d.p.)  A1ft B1 
rounding

  (d) Test for a change of sign of f(x) over the interval (2.685, 2.695)
    f(2.685) = -0.0229... < 0
    f(2.695) = 0.0177... > 0 M1
    The change of sign shows there is a root in the interval (2.685, 2.695), 

which must, therefore, have value 2.69 to 2 decimal places. Hence, 
since a is the only root of the given equation, a = 2.69 to 2 d.p. A1

 11

 5. (a) f(1.5) = -0.642... < 0 M1

   

x

f(1.5) < 0f(1) < 0

x = 1 x = 1.5 x = 2

f(2) > 0

1.5 < a < 2 

 

A1

  

   f(1.75) = 0.124... > 0 M1

   

x

f(1.75) > 0f(1.5) < 0

x = 1.5 x = 1.75 x = 2

f(2) > 0

1.5 < a < 1.75      A1

  (b) f(0.7) = 4.49.. > 0
   f(0.8) = -35.4... < 0 M1
   Hence the function f(x) changes sign over the interval [0.7, 0.8] A1

    f(x) = tan(2x) + x - 2 is not a continuous function over the interval 
[0.7, 0.8]. This is because the graph of the equation y = tan(2x) has 

an asymptote at x = ≈1
4

0 785p . ...  E2
 8
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 6. (a) f(1.5) = -0.625 < 0, f(1.7) = 0.113 > 0 M1
    The change of sign indicates the graph crosses the x-axis in the 

interval (1.5, 1.7). Since 0 < b < 1 (given), it follows that 
1.5 < a < 1.7 A1

  (b)  The gradient of the straight line approximating the curve y = f(x) 
across the interval (1.5, 1.7) is given by 

   m
y y
x x

= =−
− =

− ( )
−

−
2 1

2 1

0 113 0 625
1 7 1 5

3 69
. .

. .
.   M1 A1 

calculating y
   The equation of this line is given by 
   y - 0.113 = 3.69(x - 1.7)  M1 A1ft 

equation of line
   This line crosses the x-axis when y = 0
   Þ -0.113 = 3.69(x - 1.7)

   ⇒ = + =−x 0 113
3 69

1 7 1 669.
.

. . ....   M1 A1 if in 
interval

    Hence an approximation to a found by linear interpolation is x = 1.67 
(2 decimal places). B1 rounding

  (c) f(x) = x3 - 4x + 2 Þ f¢(x) = 3x2 - 4 B1

    
( )
( ) −

−= ⇒ = = − =1
1 2 1

1

f 0.125
3.25f

0.5 0.5 0.53846...
x
x

x x x
�

 M1 A1ft

   Hence a second approximation to b is x2 = 0.53846... = 0.54 (2 d.p.) B1 rounding
   f(0.535) = 0.0131... > 0, f(0.545) = -0.0181... < 0
    Since b is the only root of the equation f(x) = 0 in the interval (0, 1)  M1 A1

it follows that b = 0.54 to 2 decimal places.

  (d) ( )
( ) ( )− −

−
−= ⇒ = = − =1

1 2 1
1

f 5
f 1

1 1 4
x
x

x x x
�

 M1 A1

   Hence a second approximation to g is x2 = 4

    The starting value x1 = -1 (which is reasonably close to g) is just 
greater than the x-coordinate of the stationary point P. This has  E1
caused the process to give an unreliable estimate for g.

   The Newton-Raphson process will converge to a. B1
   

y

y = f(x)P

  x1 = –1   x2 = 4abc x

 

D2

     
 21
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Coordinate systems

Exam-style assessment

4

 1. A parabola C has equation y2 = 8x. A line L has equation y = 2x - 8.

  (a)  Find the coordinates of the points P and Q where L intersects C. You may 
assume Q has a positive y-coordinate. (6)

  (b)  On the same diagram sketch the curve C and the line L. Show clearly the 
focus F of C and the position of points P and Q. (2)

  (c) Find the area of triangle FPR where R is the point where L crosses the x-axis. (4)

 2.  In parametric form, the coordinates of any point on a parabola C are (4t2, 8t), 
where t is any real number.

  (a) Write down the coordinates of the focus F of this parabola.  (1)

  (b) Find an equation for the tangent T to C at the point P corresponding to t = 1
2

. (3)

  T crosses the x-axis at point R. It is given that the distance PR = 2 5.

  (c)  Using the focus-directrix property of C, or otherwise, show that triangle 
PFR is isosceles and hence find the exact value of ˆcos PRF. (5)

 3.  The diagram shows the rectangular hyperbola H with equation xy = 6 and line L 
with equation y = 3x + 7. The line L and curve H intersect at points P and Q.

  

O

y

P

Q

x

H

L

  (a) Find the coordinates of the points P and Q. (5)

   At point R(x0, y0) on H, where x0 > 0, the tangent T to H is perpendicular to 
the line PQ.

  (b)  Find, in simplified surd form, the exact coordinates of R and write down an 
equation for T. (6)

 4.  The coordinates of any point on a parabola V are 9
4

9
2

2t t,( ), where t is any 
real number.

  (a)  Show that an equation for the normal to V at the point 9
4

9
2

2t t,( ) is 

   given by y tx t t+ = +( )9
4

2 2  (4)

  (b)  Hence find an equation for the normal N to V at the point corresponding 

to t = 2
3

. Give your answer in the form ay + bx = c for integers a, b and c to 

be stated. (3)

  (c) Find the coordinates of the other point Q where N intersects V again. (5)
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  (d)  Sketch, on the same diagram, the curve V and the normal N. Show the 
position of points P and Q. (2)

  (e)  Find the cartesian coordinates of the point R on V at which the tangent 
at R is parallel to N. (5)

 5. The coordinates of any point on a rectangular hyperbola D are 10 10 0t
t

t, ,




 ≠

  (a) Find the coordinates of the point P on D corresponding to t = 0 4.  (2)

  (b) Show that an equation for the normal to D at point P is given by 5y = 2x + 21 (4)

  (c)  Show that the cartesian equation of D is given by xy = 10 and hence find the 
coordinates of the point Q where this normal intersects D again. (6)

  (d)  Find the exact value of t corresponding to point Q. Give your answer in the 

form q 10 where q is a rational number to be stated. (2)

 6.  The diagram shows a parabola C with equation y x2 4
3

=  and focus F.  Point P, 

   on the upper half of C, is such that the distance FP = 10
3

. The tangent T to C at 

point P crosses the x-axis at point Q.

  

O

y

P

FQ

C

T
x

10
3

  (a) Write down the coordinates of point F. (1)

  (b)  Using the focus-directrix property of C, or otherwise, find the coordinates 
of point P. (4)

  (c)  Show that an equation for T is 3y = x + 3 and hence find the coordinates 
of Q. (4)

  (d) Given that = 3
5

ˆsin PFQ , find the area of triangle PFQ. (3)

 7. A rectangular hyperbola K has equation xy = 18.

  (a)  Show that an equation of the normal N1 to K at the point P(2, 9) is given 
by 9y = 2x + 77. (3)

  (b)  Find, in a similar form, an equation for the normal N2 to K at the point 
Q(9, 2). (4)

  (c) Find the coordinates of the point R where N1 and N2 intersect. (5)

  (d) Show that the quadrilateral OPRQ is a rhombus. (4)

  A rectangular hyperbola H passes through point R.

  (e) Write down, in parametric form, the coordinates of any point on H. (1)
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Coordinate systems

Exam-style mark scheme

4
 Question  Scheme Marks
 Number

 1. (a) Substitute equation of line into parabola. M1
   (2x - 8)2 = 4x2 - 32x + 64 Þ 4x2 - 32x + 64 = 8x
    Þ 4x2 - 40x + 64 = 0  M1 
    Þ x2 - 10x + 16 = 0 simplification
   x2 - 10x + 16 = 0 Þ (x - 2)(x - 8) = 0 Þ x = 2, x = 8 M1 A1

   If x = 2 then y = -4
   If x = 8 then y = 8

   Hence the coordinates of P and Q are P(2, -4) and Q(8, 8) A1 A1

  (b) 

P

O

y

F

Q

C

L

x

 

D2

  (c) The coordinates of R are (4, 0) B1
   F is (2, 0) B1

   The area of triangle FPR is 1
2

2 4 4× × =  sq units. M1 A1
 12

 2. (a) The focus has coordinates F(4, 0) B1

  (b) The gradient of the tangent is 1 1
1
2

2
t

= =( )  B1

   Hence an equation of T is given by y - 4 = 2(x - 1) M1
   Þ y = 2x + 2 A1

  (c) F(4, 0), R(-1, 0) Þ FR = 5 M1 A1
   FP = PQ = 1 + 4 = 5 B1
   Triangle PFR is isosceles. Using cosine rule: 

   25 25 20 2 5 2 5= + − × × × cosq , where q = PRFˆ  M1

   ⇒ =cosq 1
5

, or, 1
5

5 A1

 9
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 3. (a) x(3x + 7) = 6 Þ 3x2 + 7x - 6 = 0 

   ⇒ = = −x x2
3

3,  M1 A1

   If x = 2
3 then y = 9 M1

   If x = -3 then y = -2 
   Hence P and Q have coordinates (-3, -2) and 2

3
9,( ) A1 A1

  (b) GradPQ = 3 and so the gradient of T is − 1
3
 M1

   Hence − −= ⇒ =6 1
3

0
2 0

2 18
x

x  M1

   ⇒ =x0 3 2  A1

   If x0 3 2=  then y0 2=  

   The coordinates of R are R 3 2 2,( ) A1

   An equation for T is y x− = −− ( )2 3 21
3

 M1

   ⇒ − = +−3 3 2 3 2y x

   ⇒ + =3 6 2y x  A1ft
 11

 4. (a) The gradient of the tangent to V at 9
4

9
2

2t t,( )  is 1
t
 

    Hence the gradient of the normal to V at this point is -t B1

    An equation for the normal is y t t x t− = −− ( )9
2

9
4

2  M1

   ⇒ − = +−y t tx t9
2

9
4

3  M1 simplify

   ⇒ + = +y tx t t9
2

9
4

3

   ⇒ + = +( )y tx t t9
4

2 2  A1

  (b) t y tx t t= + = +( )2
3

9
4

2 2,

   ⇒ + = × + ( )



y x2

3
9
4

2
3

2
3

2
2

 M1 substitute

   ⇒ = +−y x2
3

11
3

 A1

   Þ 3y + 2x = 11 A1

  (c) 3 2 11 3 2 11 09
2

9
4

2y x t t+ = ⇒ + − =( ) ( )  M1 substitute

    Þ 9t2 + 27t - 22 = 0  M1 solve 
quadratic

    ⇒ = = −t t2
3

11
3

,

    Hence Q corresponds to t = − 11
3

     A1ft

   x t= = × =−( )9
4

9
4

11
3

121
4

2
2

    y t= = × =− −( )9
2

9
2

11
3

33
2  M1

    The coordinates of Q are 121
4

33
2

, −( ) A1ft
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  (d) 

P

O

y

Q

N

V

x

 D2

  (e) From 3y + 2x = 11, the gradient of N is − 2
3

 B1ft

   At point R t t9
4

9
2

2,( ), the gradient of the tangent to V is 1
t

    Hence 1 2
3

3
2t

t= ⇒ =− −  M1 A1ft

    x t= = × −( ) =9
4

9
4

3
2

81
16

2
2

    y t= = × =− −( )9
2

9
2

3
2

27
4  M1

    The coordinates of R are R 81
16

27
4

, −( ) A1ft
 19

 5. (a) P(2, 5) B1 B1

  (b) The gradient of the tangent to D at 10 10t
t

,




  is − 1

2t
 

    Hence the gradient of the normal at 10 10t
t

,




  is t2 M1

    At P, t GradN= ⇒ =0 4 0 4. .  A1
    An equation for N is  y - 5 = 0.4(x - 2) 
    Þ     y = 0.4x + 4.2 M1
    Þ 5y = 2x + 21 A1

  (c) x y xyt
t

t
t

= = ⇒ = ×10 10 10 10,  M1

    = × =10 10 10  A1
    Hence the curve has cartesian equation xy = 10

   Substitute for y: M1

   xy x x= ⇒ × + =10 2 21 101
5

( )  

   Þ x(2x + 21) - 50 = 0  M1 rearrange 
   Þ 2x2 + 21x - 50 = 0 and solve

   ⇒ = =−x x25
2

2,  A1

   x y= ⇒ =− −25
2

4
5  A1ft

  (d) Compare Q − −( )25
2

4
5

,  with 10 10t
t

,




  M1

    10 1025
2

25
2 10

5
4

t t= ⇒ = =− − −

    Hence q = − 5
4

 A1

 14
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 6. (a) F 1
3

0,( )  B1

  (b) Using the focus-directrix property, PR = FP

   ⇒ + = ⇒ =x x0 0
1
3

10
3

3 M1 A1

   x y y0 0
2

03 3 24
3

= ⇒ × ⇒ ==  Þ P(3, 2) M1 A1

  (c) The gradient of T is 
1
3
3

1
3

=  M1

    Hence an equation for T is y x− = −( )2 31
3  M1

    Þ 3y - 6 = x - 3
    Þ 3y = x + 3 A 1
   The coordinates of Q are Q(-3, 0) B1ft

  (d) FQ = 10
3

 B1ft

   Area of triangle PFQ = × × × = × × × =1
2

10
3

10
3

1
2

10
3

10
3

3
5

10
3

sinq  M1 A1ft

 12

 7. (a) The gradient of the curve at (2, 9) is − −=18
2

9
22  M1

    Hence the gradient of N1 is 2
9

 

   An equation of the normal N1 to K at the point P(2, 9) is given by 

    y x− = −9 22
9

( )  M1

    Þ 9y - 81 = 2x - 4 
    Þ 9y = 2x + 77 A1

  (b) An equation of the normal N2 to K at the point Q(9, 2) is given by  

   y x− = −2 99
2

( )  M1 A1 gradient

   Þ 2y - 4 = 9x - 81 M1
   Þ 2y = 9x - 77 A1ft

  (c) Solve 9y = 2x + 77 (1)  2y = 9x - 77 (2) M1
   2 ´ (1):18y = 4x + 154 (3) M1
   9 ´ (2):18y = 81x - 693 (4) 
   Hence 4x + 154 = 81x - 693 Þ 77x = 847
    Þ x = 11 A1ft
   x = 11 Þ y = 11 M1 A1ft

  (d) P(2, 9), Q(9, 2) 
   By Pythagoras’ theorem, O OP Q= + = = + =2 9 85 9 2 852 2 2 2,  M1
   Hence OP = OQ A1

   P R Grad GradPR Q( , ), ( , )2 9 11 11 2
9

⇒ = = O  M1

   Q R Grad GradQR P( , ), ( , )9 2 11 11 9
2

⇒ = = O

    Hence OPRQ is a parallelogram with a pair of adjacent sides of equal 
length, i.e. OPRQ is a rhombus. A1

  (e) 11 11t
t

, ,( )  t Î R, t ¹ 0 B1ft from (c)
 17
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Matrix algebra

Exam-style assessment

5

 1.  For the matrices A =
−







1 3 4

0 1 2
, B =

−















2 3

1 1

0 2

 and C = 





5 0

2 1
 find, 

  where possible,

  (a) AB + C (4)

  (b) A(B + C) (1)

  (c) ABC. (2)

 2. It is given that the matrix A = 





6 9

2 k
, where k is a constant, is singular.

  (a) Find the value of k. (2)

  (b) Find the inverse of the matrix A + I. (6)

 3.  It is given that the matrix P = −





1
2

3 1

1 3
 represents an anti-clockwise rotation 

  of 30°, centre the origin. 

  (a)  Describe fully the rotation represented by matrix P3and write down 
this matrix. (3)

  (b) Find the smallest positive integer m for which Pm = I. (2)

 4.  Matrices A = 





2

6

y

x
 and B =

−







x y

1 1
, where x and y are constants, are such 

  that A is singular and the determinant of B is 7.

  (a) Given that x < y, find the value of x and the value of y. (7)

  (b) Find B-1. (2)

  (c)  Simplify B + 7B-1 and hence describe two transformations whose 
composition is represented by this matrix. (5)

 5.  Matrices A and B represent anti-clockwise rotations of 90°and 180°, respectively, 
centre the origin.

  (a) Write down A and B. (2)

  (b) Find BA and explain geometrically why BA = A-1. (3)

  Matrix C is such that CA represents a reflection in the y-axis.

  (c) By using the result C = (CA) A-1, or otherwise, find C. (3)

  (d)  Calculate CBA and write down the single transformation this product 
represents. (3)
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 6.  In the diagram, the matrix M = 





3 2

1 2
 transforms the unit square OACB into 

   the parallelogram P with vertices O, A¢, B¢, C¢ and D¢, where A¢, B¢ and C¢ are the 
images of the points A, B and C respectively.

  

O

y

A

B

B# C#

C

A#
x

  (a) Find the coordinates of the vertices A¢ and B¢. (3)

  (b) Calculate the area of P. (2)

   When parallelogram P is reflected in a line L, which passes through the origin, 
the result is another parallelogram Q. Under this reflection, the image of vertex 
B¢ is itself.

  (c) Write down the equation of the line L. (1)

  (d)  Find the matrix N which transforms the unit square OABC into 
parallelogram Q. (3)

 7. A = 





a b

b a
 and B = 





b a

a b
 are two matrices, where a and b are constants.

  (a) Show that A + B is a singular matrix. (3)

  (b) Find, in terms of a and b,
   (i) det A
   (ii) det B. (2)

  (c) Find AB and hence prove that 

   det(AB) = det A ´ det B (6)



Matrix algebra

Exam-style mark scheme

5
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 Question Scheme Marks
 Number

 1. (a) AB =
−

−

−

− −



















 =







1 3 4

0 1 2

2 3

1 1

0 2

5 2

1 5
 M1 A1

   AB C+ = +
−

− −













5 2

1 5

5 0

2 1
 M1

    =
−

−







10 2

1 4
 A1ft

  (b) A(B + C) cannot be found, since B3´2 and C2´2 have different orders. B1

  (c) ABC =
−

− −













5 2

1 5

5 0

2 1
  [AB from part (a)] M1

    =
−

− −











21 2

15 5
 A1ft

 7

 2. (a) det A = 0 Þ 6k - 18 = 0 M1
    Þ k = 3 A1

  (b) A I+ = 







 +











6 9

2 3

1 0

0 1
 M1

    = 









7 9

2 4
 A1

   
7 9

2 4
7 4 2 9 28 18 10







= × − × = − =  M1 A1ft

   Hence A I+ =( ) 





− −

−
1 1

10
4 9

2 7
 M1 A1ft

 8

 3. (a) P3 represents a 90° anti-clockwise rotation, centre the origin. B1

   P3 0 1

1 0
=

−





 B1 first col
     B1 second col

  (b) Pm = I for m = 12,24,¼ since 30° ´ 12 = 360° M1
   The smallest positive such value of m is m = 12 A1
 5
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 4. (a) A is singular so yx = 12 M1 use of
   det B = 7 and so y = -7 - x  determinant
    Hence (-7 - x) x - 12 = 0 A1 A1
    Þ x2 + 7x + 12 = 0 M1 form equation
    Þ x = -3, x = -4 and simplify
    x = -3 Þ y = -4 A1 x
    x = -4 Þ y = -3 A1 y
    Hence x = -4, y = -3 since x < y A1

  (b) B B= ⇒ =
− −

−

−

− −













−4 3

1 1
1
7

1 3

1 4
1  M1

     A1

  (c) B B+ =− − −

−

−

− −

−

−







+






=






7 1 4 3

1 1

1 3

1 4

5 0

0 5
 M1 M1

     A1

   Since 
−

−

−

−



















=
5 0

0 5

5 0

0 5

1 0

0 1
, the product represents a 180°  B1 B1ft

   rotation, centre the origin and an enlargement s.f. 5 centre the origin.
 14

 5. (a) A B= =
− −

−













0 1

1 0

1 0

0 1
,   B1

     B1

  (b) BA =
−







0 1

1 0
 M1 A1

    BA represents a 270° anticlockwise rotation, centre the origin. This 
is equivalent to a 90° clockwise rotation centre the origin, which is 
represented by A-1. E1

  (c) CA =
−





1 0

0 1
 B1

   Hence C = (CA)A–1

    =
−

−













1 0

0 1

0 1

1 0
 M1

    =
−

−











0 1

1 0
 A1ft from CA only

  (d) CBA = =
−

− − −



















0 1

1 0

0 1

1 0

1 0

0 1
 M1 A1

   CBA represents a reflection in the x-axis. A1
 11

 6. (a) 
3 2

1 2

1

0

3

1

3 2

1 2

0

1

2

2













=


















=






,  so A¢(3, 1), B¢(2, 2) M1 A1 A1

  (b) det M = 3 ´ 2 - 2 ´ 1 = 4
    Hence parallelogram P has area 4 sq units. M1 A1

  (c) B¢(2, 2) must lie on the line L. Hence the equation of L is y = x B1
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  (d)  Parallelogram Q is the image of the unit square under the 
transformation defined by M followed by a reflection in L.

    Hence N = 











=






0 1

1 0

3 2

1 2

1 2

3 2
 B1 for L

     M1 A1ft
 9

 7. (a) A B+ = 





+






=
+ +
+ +







a b

b a

b a

a b

a b b a

b a a b
 

M1

   Hence det (A + B) = (a + b)2 - (b + a)2 M1
    = 0 A1

  (b) det A = a2 - b2

   det B = b2 - a2 B1 B1

  (c) AB = 











= +
+







a b

b a

b a

a b

ab a b

a b ab

2

2

2 2

2 2
 M1

     A1

   Hence det (AB) = 4a2b2 - (a2 + b2)2 M1 form
    = 4a2b2 - (a4 + 2a2b2 + b2) equation
    = -a4 + 2a2b2 - b4  M1 expand 
    = -(a2 - b2)2 and simplify
    = (a2 - b2)(b2 - a2) M1 factorise
    = det A ´ det B A1
 11
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Series

Exam-style assessment

6

 1. (a) Use standard results to show that 

    3
1

r
r

n

=
∑  (r - 3) = n(n + 1)(n - 4) (4)

  (b) Hence calculate the value of r r
r

( )−
=
∑ 3

7

21
. (4)

 2. (a) Use standard series to find an expression, in terms of n, for r r
r

n
( )2 1

1
+

=
∑ .

   Factorise your answer as far as possible. (4)

  (b) Hence evaluate the series 

    8 ´ 17 + 9 ´ 19 + … + 25 ´ 51 (4)

 3. (a) Use standard results to show that 

    4 32

1
r r

r

n
−( )∑

=
 = n(n + 1)(n - 2)(n + 3) (4)

  (b) (i) Hence, or otherwise, show that 

    r r
r

n 2 3
1

2
−( )∑

=
 = n(2n + 1)(n - 1)(2n + 3) (4)

   (ii) Deduce that if n is a multiple of 5 then r r
r

n 2 3
1

2
−( )∑

=
 is a multiple of 10. (2)

 4. (a) Use standard series to show that

    r r n
r

n 2 3 7 1
31

+ −( ) =∑
=

(n - 2)(n + 8) (4)

  (b)  Deduce that n(n - 2) (n + 8) is exactly divisible by 3, for any positive 
integer n. (2)

 5. (a) Simplify (r - 1)(r  2 + r + 1) (2)

  (b) Find constants P and Q such that 

    n3 + 2n2 + n - 4 º (n - 1)(n2 + Pn + Q). (4)

  (c) Hence find an expression for 4 1 12

1
( )( )r r r

r

n
− + +

=
∑ .

   Factorise your answer as far as possible. (4)

 6. By simplifying the expression 4 1
2 1

2r
r

−
− , use standard results to prove that

   1 14 1
2 1

2
2

1
+ = +−

−∑
=

r
r

n
r

n
( )  (7)
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 7. (a) Show that (2r - 1)3 º 8r  3 - 12r  2 + 6r - 1 (2)

  (b) Use standard results to show that 

    ( ) ( )2 1 2 13 2 2

1
r n n

r

n
− = −

=
∑  for all integers n  1 (5)

  (c) Hence evaluate ( )2 1 3

10

35
r

r
−

=
∑  (3)

  (d) Find the value of the positive integer N for which ( )2 1 47533

1
r

r

N
− =

=
∑  (5)
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Series

Exam-style mark scheme

6
 Question Scheme Marks
 Number

 1. (a) 3 3 3 9
1 1

2r r r r
r

n

r

n
( )− = −

= =
∑ ∑   M1 separate 

series
    = + + − +1

2
9
2

1 2 1 1n n n n n( )( ) ( )  M1 use of 
standard results

    = + + − 
1
2

1 2 1 9n n n( ) ( )

    = + − 
1
2

1 2 8n n n( )  M1 simplify

    = n(n + 1)(n - 4) A1

  (b) r r r r
r r

( ) ( )− = −
= =
∑ ∑3 3 3

7

21

7

211
3

 M1

    = − − −
==
∑∑





1
3

3 3 3 3
1

6

1

21
r r r r

rr
( ) ( )   M1 use of 

difference

    = × × − × × 
1
3

21 22 17 6 7 2( ) ( )  M1 substitute

    = − = × =[ ]1
3

1
3

7854 84 7770 2590  A1
 8

 2. (a) r r r r
r

n

r

n
( )2 1 2

1 1

2+ = +
= =
∑ ∑   M1 separate 

series
    = + + + +1

3
1
2

1 2 1 1n n n n n( )( ) ( )   M1 use of 
standard results

    = + + + = + +[ ]1
6

1
6

1 2 2 1 3 1 4 5n n n n n n( ) ( ) ( )( )  M1 simplify
     A1

  (b) 8 17 9 19 25 51 2 1
8

25
× + × + + × = +∑

=
... ( )r r

r
 M1 statement

     

    = + − +
= =
∑ ∑r r r r
r r

( ) ( )2 1 2 1
1

25

1

7
  M1 use of 

difference
    = × × × − × × ×1

6
1
6

25 26 105 7 8 33  M1 substitute

    = 11 375 - 308 = 11 067 A1ft
 8

 3. (a) 4 3 4 122 3

1 1
r r r r

r

n

r

n
( )− = −

= =
∑ ∑   M1 separate 

series
    = n2(n + 1)2 - 6n(n + 1) M1 use of 
    = n(n + 1)[n(n + 1) - 6] standard results
    = n(n + 1)[n2 + n - 6] M1 simplify
    = n(n + 1)(n - 2)(n + 3) A1
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  (b) r r f n
r

n
( ) ( )2 3 2

1

2
− =

=
∑ , where f n r r

r

n
( ) ( )= −

=
∑ 2 3

1
 M1

   From (a) f( ) ( )( )( )n n n n n= + − +1
4

1 2 3  M1 use of (a)

    ⇒ = + − +( )( )( )f( ) ( ) ( ) ( ) ( )2 2 2 1 2 2 2 31
4

n n n n n  M1 simplify

    = × + − +1
4

4 2 1 1 2 3n n n n( )( )( )

    = n(2n + 1)(n - 1)(2n + 3) A1

  (c)  If n is divisible by 5 then n(n - 1) is divisible by 10 (since one of 
n or (n - 1) must be even). Hence the expression 
n(2n + 1)(n - 1)(2n + 3) is divisible by 10. E2

 10

 4. (a) ( ) ( )( ) ( )r r n n n n n n
r

n 2 3 7 1 2 1 1 71
6

3
21

+ − = + + + + −
=
∑   M1 separate 

series
    = + + + + −[ ]1

6
1 2 1 9 1 42n n n n( )( ) ( )   M1 use of 

standard results
    = + −[ ]1

6
2 12 322n n n  M1 simplify

    = − +1
3

2 8n n n( )( )  A1

  (b) ( ) ( )( )( )

( )( )

r r n n n r r

n n n
r

n

r

n2 23 7 2 8 3 3 7

2 8

1
31 1

+ − ≡ − + ⇒ + −

= − +
= =
∑ ∑  M1

   Since the LHS is an integer, n(n - 2)(n + 8) is exactly divisible by 3. A1
 6

 5. (a) (r - 1)(r 2 + r + 1) = r 3 + r 2 + r - r 2 - r - 1 = r 3 - 1 M1 A1

  (b) Comparing constant terms,  -4 = -Q Þ Q = 4 M1 A1
   Comparing coefficients of n2, P - 1 = 2 Þ P = 3 M1 A1

  (c) 4 1 1 4 12 3

1 1
( )( ) ( )r r r r

r

n

r

n
− + + = −

= =
∑ ∑   using part (a) M1 use of (a)

    = −
= =
∑ ∑4 4 13

1 1
r

r

n

r

n

    
= × + −4 1 41

4
2 2n n n( )

  M1 use of 
standard results

    = n(n(n + 1)2 - 4)
    = n(n(n2 + 2n + 1) - 4) M1 simplify
    = n(n3 + 2n2 + n - 4)
    = n(n - 1)(n2 + 3n + 4)  using part (b) A1
 10
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 6.  4 1
2 1

2 1 2 1
2 1

2
2 1r

r
r r

r
r−

−
+ −

−≡ ≡ +( )( )  M1 A1

    Hence 1 14 1
2 1

2 1
2

11
+ = +−

− +∑∑
==

r
r

r
r

n

r

n
( )  M1

     = + +
==
∑∑1 2 1

11
r

r

n

r

n
 M1 separate

       M1 use of 
standard results

     
= + × + +1 2 11

2
n n n( )

 M1 simplify
     = n2 + 2n + 1
     = (n + 1)2 A1
 7

 7. (a) (2r - 1)3 º (2r)3 + 3(2r)2(-1) + 3(2r)(-1)2 + (-1)3 M1 use of 
    º 8r 3 + 3(4r2)(-1) + 3(2r)(1) + (-1) binomial or 
    º 8r 3 - 12r2 + 6r - 1  expand brackets 

A1
  (b) ( )2 1 8 12 6 13 3 2

1 1
r r r r

r

n

r

n
− = − + −

= =
∑ ( )∑  M1 use of (a)

    = 2n2(n + 1)2 - 2n(n + 1)(2n + 1) + 3n(n + 1) - n M1 separate
    = n[(2n(n + 1)2 - 2(n + 1)(2n + 1) + 3(n + 1) -1)]  M1 use of 
    = n(2n3 + 4n2 + 2n - 4n2 - 6n - 2 + 3n + 3 - 1) standard results
    = n(2n3 - n) M1 simplify
    = n2(2n2 - 1) A1

  (c) If f(n) = n2(2n2 - 1), then ( ) ( ) ( )2 1 35 93

10

35
r f f

r
− = −

=
∑  M1

    = 352 ´ (2 ´ 352 - 1) - 92 ´ (2 ´ 92 - 1) M1 substitute
    = 3 000 025 - 13041 = 2 986 984 A1

  (d) ( ) ( )2 1 4753 47533

1
r N

r

N
− = ⇒ =

=
∑ f   M1 use of 

series in (b)
    Þ N 2(2N 2 - 1) = 4753  M1 form 
    Þ 2N 4 - N 2 - 4753 = 0 ‘quadratic’

   ⇒ = = =− − − −± −
( )

± ±N2 1 1 4 2 4753
2 2

1 38025
4

1 195
4

2( ) ( ) ( )( )  M1 solve

    = 49 or -48.5 A1

    Hence N2 = 49 and so N = 7 (as N > 0) A1
 15
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Proof

Exam-style assessment

7

 1. Prove by induction that

  (a)  62n-1 + 1 is exactly divisible by 7 for all n  1 (7)

  (b)  52n+1 + 1 is a multiple of 6 for all n  1. (7)

 2. Given that u1
1
2

=  and that u u nn n+ = + +( )1
1
2

2  for n  1

  (a) prove by induction that u nn n= − 1
2

 for all positive integers n, (7)

  (b) hence find an expression, in terms of n, for ur
r

n

=
∑

1
.

   You may assume the result r n n
r

n

=
∑ = +

1

1
2

1( ). (3)

 3. A =
−

−







4 3

3 2

  (a) Prove by induction that An n n

n n
=

+
−







−3 1 3

3 1 3
 for all n Î N (7)

  (b) Given that B = 





2 0

1 3
 find the value of the positive integer N such that 

   A BN =
−

−







14 36

13 33
 (5)

 4. Prove by induction that 
r

n

=
∑

1
 (r - 1)(3r - 2) = n2(n - 1) for all n Î N (7)

 5. The nth term of a sequence is given by vn = 4n.

  (a) Prove by induction that for all n  1, 

   (i) 2vn + 1 is exactly divisible by 3,

   (ii) 4 12vn +  is a multiple of 5. (14)

  (b) Deduce that, for all n Î N, 16 14vn −  is a multiple of 15. (5)

 6. (a) Prove by induction that 2
3 1 3 2 3 21 ( )( )r r

n
nr

n

− + = +∑
=

 for all n  1 (8)

  (b) Hence evaluate the series 6
3 1 3 28

30

( )( )r rr − +∑
=

.

   Give your answer as a fraction in its lowest terms. (4)

 7. f(n) = 32n+4 - 4n, n Î N

  (a) Express f(n + 1) - 4f(n) in the form t ´ 32n+4 where t is a constant to be stated. (3)

  (b) Hence prove by induction that f(n) is a multiple of 5 for all n Î N (7)
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 8. A sequence is defined by the iterative formula 

   u1
13
4

= , un
un

+ = +
1

3
4

 for n  1

  (a) Prove by induction that un > 1 for all n  1
  It is given that

   un = 9pn + 1 for all n Î N (*)

  where p is a constant. (6)

  (b) By setting n = 1 or otherwise, show that p = 1
4

. (2)

  (c) Use induction to prove (*) for all n  1 and hence calculate un
n

−( )∑
=

∞
1

1
 (12)
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Proof

Exam-style mark scheme

7
 Question Scheme Marks
 Number

 1. (a) n = 1 Þ 62n-1 + 1 = 61 + 1
    = 7 is exactly divisible by 7 M1 A1
   S(1) is true.

   Assume S(k) is true i.e. that 62k-1 + 1 = 7l, where l is an integer. M1

   For k + 1, 62(k+1)-1 + 1 = 62k+1 + 1
   = 62 ´ 62k-1 + 1 M1 k + 1
   = 36(7l - 1) + 1 statement
   = 7 ´ 36l - 35 M1 simplify
   = 7(36l - 5) A1

    Hence S(k + 1) is true
    By induction S(n) is true for all n  1 A1

  (b) n = 1 Þ 52n+1 + 1 = 53 + 1
   = 126
   = 6 ´ 21 is a multiple of 6 M1
   S(1) is true. A1

   Assume S(k) is true i.e. that 52k+1 + 1 = 6l, where l is an integer. M1
   For k + 1, 52(k+1)+1 + 1 = 52k+3 + 1
   = 52 ´ 52k+1 +1 M1 k + 1
   = 25(6l - 1) + 1 statement
   = 6 ´ 25l - 24 M1 simplify
   = 6(25l - 4) A1

   Hence S(k + 1) is true
   By induction S(n) is true for all n  1 A1
 14

 2. (a) n u= ⇒ = = −1 11 1
1
2

1
2

 M1

   S(1) is true. A1

   Assume S(k) is true i.e. that u kk k= − 1
2

 M1

    For k + 1, u u kk k+ = + +1
1
2

2( )  M1 k + 1 
     statement
   = − + +( )1

2
1
2

2k kk  M1 simplify

   = + −( )1
2

1
2

2 2k k

   = + − +k k1 1
2 1  A1

    Hence S(k + 1) is true
    By induction S(n) is true for all n  1 A1
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  (b) u rr
r

n

r
r

n

= =
∑ ( )∑= −

1 1

1
2

   = −
= =
∑ ( )∑r

r

n r

r

n

1 1

1
2

 M1 separate

   = + − −( )( ) ( )





1
2

1
2

1 1n n
n

  M1 use standard 
result

   = + − +( )1
2

1
2

1 1n n n  A1 simplified
 10

 3. (a) n n= ⇒ = = =
−

−

−









× + ×
× − ×









1 1 4 3

3 2

3 1 1 3 1

3 1 1 3 1
A A  M1

     A1
   S(1) is true.

   Assume S(k) is true i.e. that Ak k k

k k
=

+
−











−3 1 3

3 1 3
 M1

    For k + 1, Ak+1 = AkA

   =
+

−




















− −

−

3 1 3

3 1 3

4 3

3 2

k k

k k  M1 k + 1 
    statement

   =
+ −
+ −











−

−

3 4 3 3

3 3 3 2

k k

k k  M1 simplify

   = +( ) + +( )
+( ) − +( )











−3 1 1 3 1

3 1 1 3 1

k k

k k
 A1

    Hence S(k + 1) is true.
    By induction S(n) is true for all n  1 A1

  (b) A BN N N

N N
=

+
−





















−3 1 3

3 1 3

2 0

1 3
 M1 using (a)

   =
+
+ −











−3 2 9

3 1 3 9

N N

N N
 A1

    Hence 
3 2 9

3 1 3 9

14 36

13 33

N N

N N

+
+ −





















− −

−
=  M1

    Þ -9N = -36 M1
    Þ N = 4 A1
 12

 4.  n = 1, LHS = (1 - 1)(3 ´ 1 - 2) = 0 RHS = 12 (1 - 1) = 0 M1
   S(1) is true. A1

   Assume S(k) is true i.e. that r r k k
r

k
−( ) −( )∑ = −( )

=
1 3 2 1

1

2  M1

   For k + 1,

    r r k k
r

k

r

k
r r− − = + + − + −( )( )∑ −( ) −( )∑





( )( ) ( )
=

+

=
1 3 2 1 1 3 1

1

1

1
1 3 2 11( )  M1 k + 1 

     statement
   = k2(k - 1) + k(3k + 2)
   = k(k(k - 1) + (3k + 2)) M1 simplify
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   = k(k2 + 2k + 1) A1
   = k(k + 1)2

    Hence S(k + 1) is true.
    By induction S(n) is true for all n  1 A1
 7

 5. (a) (i) n = 1 Þ 2 ´ 41 + 1 = 9 is exactly divisible by 3 M1
    S(1) is true. A1

    Assume S(k) is true i.e. that 2 ´ 4k + 1 = 3l, where l is an integer. M1

   For k + 1, 2 ´ 4(k+1) + 1 = 4 ´ (2 ´ 4k) + 1 M1 k + 1
   = 4 ´ (3l - 1) + 1 statement
   = 3 ´ 4l - 3 M1 simplify
   = 3(4l - 1) A1

    Hence S(k + 1) is true
    By induction S(n) is true for all n  1 A1

   (ii) 4 4 4 42 2 2 1vn
n n= × =( ) +  

    n = 1 Þ 43 + 1 = 65 is exactly divisible by 5 M1
    S(1) is true. A1

    Assume S(k) is true i.e. that 42k+1 + 1 = 5l, where l is an integer. M1

   For k + 1, 42(k+1)+1 + 1 = 42k+3 + 1 M1 k + 1
   = 42 ´ 42k+1 + 1 statement
   = 16(5l - 1) + 1 M1 simplify
   = 5 ´ 16l - 15 A1
   = 5(16l - 3)

   Hence S(k + 1) is true
   By induction S(n) is true for all n  1 A1

  (b) 16 1 4 1 4 14 2 2v v vn n n− = + −( )( )  M1

   The term ( )4 12vn +  is divisible by 5. M1 use of (a)(i)

   ( ) ( )( )4 1 2 1 2 12v v vn n n− = + −  M1

   Since (2vn + 1) and is divisible by 3, so is ( )4 12vn −  M1 use of (a)(ii)

   Hence 16 1 4 1 4 14 2 2v v vn n n− = + −( )( ) is divisible by 5 ´ 3 = 15 A1
 19

 6. (a) n LHS RHS= = = = = =
× −( ) × +( ) × +1 2

3 1 1 3 1 2
2

10
1
5

1
3 1 2

1
5

,  M1

   S(1) is true. A1

   Assume S(k) is true i.e. that 2
3 1 3 2 3 21 r r

k
kr

k

−( ) +( ) +∑ =
=

 M1

   For k + 1,

   2
3 1 3 2

2
3 1 3 2

2
3 1 1 31

1

1r r r r kr

k

r

k

−( ) +( ) −( ) +( )








 +( ) −( )= +

=

+

=
∑ ∑

kk +( ) +( )1 2
 M1 k + 1 

     statement

   = ++ +( ) +( )
k

k k k3 2
2

3 2 3 5

   = +( ) +
+( ) +( )

k k
k k

3 5 2
3 2 3 5

 M1 simplify
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   = + +
+( ) +( )

3 5 2
3 2 3 5

2k k
k k

   = +( ) +( )
+( ) +( )

3 2 1
3 2 3 5

k k
k k  M1 factorise

   = +( )
+( )

k
k

1
3 5

   = +( )
+( ) +( )
k

k
1

3 1 2
 A1

   Hence S(k + 1) is true.
   By induction S(n) is true for all n  1 A1

  (b) f f f( )n n
n r r

r

= = −+ −( ) +( ) ( ) ( ) 
=
∑3 2

6
3 1 3 2

8

30

3 30 7  M1

   = −



3 30

92
7
23

 M1 substitute

   = −



3 30

92
28
92

 M1 evaluate

   = =



3 2

92
3
46

 A1

 12

 7. (a) f(n + 1) - 4f(n) = ( ) ( )( )3 4 4 3 42 1 4 1 2 4n n n n+ + + +− − −  M1 substitute
   = 32n+6 - 4n+1 - 4 ´ 32n+4 + 4n+1

   = 32n+6 - 4 ´ 32n+4 M1 simplify
   = 32n+4 (32 - 4)
   = 5 ´ 32n+4 i.e. t = 5 A1

  (b) f(1) = 36 - 4 = 725 is a multiple of 5 M1

   S(1) is true. A1

   Assume S(k) is true i.e. that f(k) = 5l, where l is an integer. M1
   For k + 1, f(k + 1) = 5 ´ 32k+4 + 4 ´ f(k)  M1 k + 1 

statement
   = 5 ´ 32k+4 + 4 ´ 5l M1 simplify
   = 5(32k+4 + 4l) A1

   Hence S(k + 1) is true
   By induction S(n) is true for all n  1 A1
 10

 8. (a) u1
13
4

1= >  S(1) is true.  M1 A1

   Assume S(k) is true i.e. that uk > 1 M1

   For k + 1, uk
ku

+ = >+ +
1

3
4

1 3
4

  M1 k + 1 
statement

    = =4
4

1 A1

   i.e. uk+1 > 1
   Hence S(k + 1) is true.
   By induction S(n) is true for all n  1 A1

  (b) n p p p= ⇒ + = ⇒ = ⇒ =1 9 1 91 13
4

9
4

1
4

 M1 A1
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  (c) S n un

n

( ) ( )= +: 9 11
4

   n LHS u RHS= ⇒ = = = + = + =( )1 9 11

1
13
4

1
4

9
4

13
4

 M1

   S(1) is true. A1

   Assume S(k) is true i.e. that uk

k

= +( )9 11
4  M1

   For k + 1, uk
ku

+ = +
1

3
4

  M1 k + 1 
statement

   =
( ) +





 +9 1

4
1 3

4

k

 M1 simplify

   = +( )





1
4

1
4

9 4
k

   = +( ) +
9 11

4

1k

 A1

   Hence S(k + 1) is true.
   By induction S(n) is true for all n  1 A1

   un

n

n

n

u= + ⇒ =( ) − ( )9 11
4

1 9 1
4

 M1

   = ( )3 1
2

n

 A1

   Hence un
n

n

n
−( )∑ ( )∑

=

∞

=

∞
=1 1

21 1
3  M1

   
= =

−















3 3
1
2

1 1
2

  M1 use of 
infinite g.p.

    A1
 20


